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SOME EXCEPTIONAL EXTENSIONS OF VIRASORO VERTEX
OPERATOR ALGEBRAS
CHUNRUI AI, CHONGYING DONG, AND XINGJUN LIN
Abstract. In this paper, extensions of nonunitary rational Virasoro vertex operator
algebras corresponding to some exceptional modular invariants are constructed. The
uniqueness of these extensions is also established.
1. Introduction
Rational conformal field theories on torus have an important property that the parti-
tion functions are invariant under the action of the modular group. The classification of
modular invariant partition functions is an important problem in both conformal field
theory. Since each chiral half of a rational conformal field theory is controlled by a ratio-
nal vertex operator algebra, the classification of modular invariant partition functions
corresponds to the classification of modular invariants of trace functions associated to
rational vertex operator algebras.
The Virasoro minimal models give a basic class of rational conformal field theories,
and the classification of modular invariant partition functions has been established for
these models [5], [6], [33]. The problem is to find rational Virasoro vertex operator
algebras and their extensions to realize these modular invariant partition functions.
This is the main motivation of this paper.
It is well-known that the central charges of rational Virasoro vertex operator alge-
bras belong to a discrete set (see the formula (3.1)), and there is an important subclass
of rational Virasoro vertex operator algebras which are unitary vertex operator alge-
bras [15]. Connections between unitary vertex operator algebras and conformal nets
have been studied recently in [7]. In particular, each chiral half of a unitary rational
conformal field theory can be also controlled by a conformal net. The realizations of
rational conformal field theories corresponding to modular invariant partition functions
of unitary Virasoro minimal models were first found in the framework of conformal nets
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ported by China NSF grant 11801419 and the starting research fund from Wuhan University (No.
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[34]. In the framework of vertex operator algebras, all the possible rational vertex op-
erator algebras corresponding to modular invariants of unitary rational Virasoro vertex
operator algebras have been constructed in [16]. However, the method in [16] does not
work for nonunitary rational Virasoro vertex operator algebras. In this paper, we will
construct four series of rational vertex operator algebras which correspond to some ex-
ceptional modular invariants of nonunitary rational Virasoro vertex operator algebras
(see Theorems 3.9, 3.10, 3.11, 3.12). Our constructions are based on the important
extensions of tensor product of Virasoro vertex operator algebras constructed in [3].
We also prove that the corresponding rational vertex operator algebras are unique (see
Theorems 4.1, 4.2, 4.3, 4.4).
Another motivation of our paper comes from the classification of rational vertex op-
erator algebras of small central charges. This problem has been studied extensively [9],
[10], [11], [20], [38]. In particular, it was shown in [20], [38] that rational vertex operator
algebras of effective central charges less than 1 are extensions of rational Virasoro ver-
tex operator algebras. Hence, each rational vertex operator algebra of effective central
charge less than 1 gives rise to a modular invariant of Virasoro vertex operator algebras
[17]. So we hope that our results in this paper will be helpful in the classification of
rational vertex operator algebras of effective central charges less than 1.
The paper is organized as follows: In Section 2, we recall some basic facts about
vertex operator algebras. In Section 3, we construct rational vertex operator algebras
corresponding to some exceptional modular invariants of nonunitary rational Virasoro
vertex operator algebras. In Section 4, we prove the uniqueness of the corresponding
rational vertex operator algebras.
2. Preliminaries
2.1. Modular invariance of trace functions of vertex operator algebras. In
this subsection we briefly review some basic notions and facts in the theory of vertex
operator algebras from [12], [21], [22], [36] and [40]. Let (V, Y, 1, ω) be a vertex operator
algebra as defined in [22] (see also [4]). A weak V -module M is a vector space equipped
with a linear map
YM : V → (EndM)[[x, x−1]],
v 7→ YM(v, x) =
∑
n∈Z
vnx
−n−1, vn ∈ EndM
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satisfying the following conditions: For any u ∈ V, v ∈ V, w ∈M and n ∈ Z,
unw = 0 for n >> 0;
YM(1, x) = idM ;
x−10 δ
(
x1 − x2
x0
)
YM(u, x1)YM(v, x2)− x−10 δ
(
x2 − x1
−x0
)
YM(v, x2)YM(u, x1)
= x−12 δ
(
x1 − x0
x2
)
YM(Y (u, x0)v, x2).
A weak V -module M is called an admissible V -module if M has a Z≥0-gradation
M =
⊕
n∈Z≥0 M(n) such that
amM(n) ⊂M(wta+ n−m− 1)
for any homogeneous a ∈ V and m, n ∈ Z. An admissible V -module M is said to be
irreducible if M has no non-trivial admissible weak V -submodule. When an admissible
V -moduleM is a direct sum of irreducible admissible submodules,M is called completely
reducible. A vertex operator algebra V is said to be rational if any admissible V -module
is completely reducible. It was proved in [13] that if V is rational then there are only
finitely many irreducible admissible V -modules up to isomorphism.
A V -module is a weak V -module M which carries a C-grading induced by the spec-
trum of L(0), that is M =
⊕
λ∈CMλ where Mλ = {w ∈ M |L(0)w = λw}. Moreover
one requires that Mλ is finite dimensional and for fixed λ ∈ C, Mλ+n = 0 for sufficiently
small integer n.
Let M =
⊕
λ∈CMλ be a V -module. Set M
′ =
⊕
λ∈CM
∗
λ , the restricted dual of M .
It was proved in [21] that M ′ is naturally a V -module where the vertex operator map
denoted by Y ′ is defined by the property
〈Y ′(a, z)u′, v〉 = 〈u′, Y (ezL(1)(−z−2)L(0)a, z−1)v〉,
for a ∈ V, u′ ∈ M ′ and v ∈ M . The V -module M ′ is called the contragredient module
of M . It was also proved in [21] that if M is irreducible, then so is M ′, and that
(M ′)′ ≃ M . A V -module M is called self-dual if M ∼= M ′.
We now turn our discussion to the modular invariance property in the theory of vertex
operator algebras. Let V be a rational vertex operator algebra, M0 = V,M1, ...,Mp be
all the irreducible V -modules. Then M i, 0 ≤ i ≤ p, has the form
M i =
∞⊕
n=0
M iλi+n,
with M iλi 6= 0 for some number λi which is called conformal weight of M i. Let h = {τ ∈
C|imτ > 0}, for any irreducible V -module M i the trace function associated to M i is
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defined as follows: For any homogenous element v ∈ V and τ ∈ h,
ZM i(v, τ) := trM io(v)q
L(0)−c/24 = qλi−c/24
∑
n∈Z+
trM iλi+n
o(v)qn,
where o(v) = v(wtv−1) and q = e2πiτ . Recall that a vertex operator algebra V is called
C2-cofinite if dimV/C2(V ) < ∞, where C2(V ) = 〈u−2v|u, v ∈ V 〉. Then ZM i(v, τ)
converges to a holomorphic function on the domain |q| < 1 if V is C2-cofinite [14],
[40]. Recall that the full modular group SL(2,Z) has generators S =
(
0 −1
1 0
)
,
T =
(
1 1
0 1
)
and acts on h as follows:
γ : τ 7−→ aτ + b
cτ + d
, γ =
(
a b
c d
)
∈ SL(2,Z).
The following theorem was proved in [40] (also see [14]).
Theorem 2.1. Let V be a rational and C2-cofinite vertex operator algebra with the irre-
ducible V -modules M0, ...,Mp. Then the vector space spanned by ZM0(v, τ), ..., ZMp(v, τ)
is invariant under the action of SL(2,Z) defined above, i.e. there is a representation ρ
of SL(2,Z) on this vector space and the transformation matrices are independent of the
choice of v ∈ V .
Recall that a vertex operator algebra V is called simple if V viewed as a V -module
is irreducible and V is called of CFT type if V =
⊕
n≥0 Vn and dimV0 = 1. We now
assume that V is a vertex operator algebra satisfying the following conditions:
(i) V is a simple CFT type vertex operator algebra and is self-dual;
(ii) V is rational and C2-cofinite.
Let M0, ...,Mp be all the V -irreducible modules. Set
Z(u, τ) = (ZM0(u, τ), ..., ZMp(u, τ))
T ,
then we have the following fact proved in [17].
Proposition 2.2. If A = (aij) is a matrix such that for any u, v ∈ V ,
Z(u, τ1)
TAZ(v, τ2) = 0,
then A = 0.
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2.2. Modular invariants of vertex operator algebras. In this subsection we recall
some facts about modular invariants of vertex operator algebras.
Definition 2.3. Let V be a vertex operator algebra satisfying conditions (i) and (ii),
M0 = V,M1, ...,Mp be all the irreducible V -modules. A modular invariant of V is a
(p+ 1)× (p+ 1)-matrix X satisfying the following conditions:
(M1) The entries of X are nonnegative integers;
(M2) X00 = 1;
(M3) XS = SX and XT = TX , where we use S, T to denote the modular transfor-
mation matrix ρ(S) and ρ(T ) respectively.
In the following we shall define a modular invariant of V associated to an extension
of V . Recall that a vertex operator algebra U is called an extension of V if V is a vertex
operator subalgebra of U and V , U have the same conformal vector.
Theorem 2.4. [2] Let V be a C2-cofinite vertex operator algebra and U be an extension
of V . Then U is C2-cofinite.
We also need the following fact which was proved in [32].
Theorem 2.5. Let V be a vertex operator algebra satisfying conditions (i) and (ii).
Suppose that U is a simple vertex operator algebra and an extension of V , then U is
rational.
We now assume that V is a vertex operator algebra satisfying conditions (i) and (ii)
and U is an extension of V satisfying conditions (i) and (ii). For u, v ∈ V , set
fV (u, v, τ1, τ2) =
p∑
i=0
Zi(u, τ1)Zi(v, τ2),
where τ1, τ2 ∈ h.
Similarly, for u, v ∈ U , set
fU(u, v, τ1, τ2) =
∑
M
ZM(u, τ1)ZM(v, τ2),
where M ranges through the equivalent classes of irreducible U -modules. Since each
irreducible U -module M is a direct sum of irreducible V -modules, there exists a matrix
X = (Xi,j) such that Xij ≥ 0 for all i, j and for u, v ∈ V ,
fU(u, v, τ1, τ2) =
p∑
i,j=0
XijZi(u, τ1)Zi(v, τ2).
By Proposition 2.2 the matrix X = (Xi,j) is uniquely determined. By [17] we have
Theorem 2.6. The matrix X is a modular invariant of V .
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3. Some exceptional extensions of Virasoro vertex operator algebras
In this section, we shall construct extensions of nonunitary rational Virasoro ver-
tex operator algebras which realize some modular invariants of exceptional types (see
Theorems 3.9, 3.10, 3.11, 3.12).
3.1. Modular invariants of Virasoro vertex operator algebras. First, we recall
some facts about Virasoro vertex operator algebras [23], [39]. We denote the Virasoro
algebra by L = ⊕n∈ZCLn ⊕ CC with the commutation relations
[Lm, Ln] = (m− n)Lm+n + 1
12
(m3 −m)δm+n,0C,
[Lm, C] = 0.
Set b = (⊕n≥1CLn)⊕ (CL0⊕CC), then b is a subalgebra of L. For any two complex
numbers c, h ∈ C, let C be a 1-dimensional b-module such that:
Ln · 1 = 0, n ≥ 1, L0 · 1 = h · 1, C · 1 = c · 1.
Consider the induced module V (c, h) = U(L)⊗U(b) C, where U(·) denotes the universal
enveloping algebra. Then V (c, h) is a highest weight module of the Virasoro algebra of
highest weight (c, h), and V (c, h) has a unique maximal proper submodule J(c, h). Let
L(c, h) be the unique irreducible quotient module of V (c, h). Set
V (c, 0) = V (c, 0)/(U(L)L−11⊗ 1),
it is well-known that V (c, 0) has a vertex operator algebra structure with conformal
vector ω = L−21 and L(c, 0) is the unique irreducible quotient vertex operator algebra
of V (c, 0) [23].
For coprime integers p, q ≥ 2, set
cp,q = 1− 6(p− q)
2
pq
, (3.1)
hp,qr,s =
(rp− sq)2 − (p− q)2
4pq
, (r, s) ∈ Ep,q, (3.2)
where Ep,q denotes the set {(r, s)|1 ≤ s ≤ p−1, 1 ≤ r ≤ q−1, r+s ≡ 0 mod 2}. It was
proved in [39], [14] that L(cp,q, 0) is rational and C2-cofinite and L(cp,q, h
p,q
r,s), (r, s) ∈
Ep,q, are the complete list of irreducible L(cp,q, 0)-modules. In [5], [6], modular invariants
of Virasoro vertex operator algebra L(cp,q, 0) were classified (see also Pages 369 and 371
of [8]):
SOME EXCEPTIONAL EXTENSIONS OF VIRASORO VERTEX OPERATOR ALGEBRAS 7
Theorem 3.1. Let p, q ≥ 2 be coprime integers. We use Zr,s(u, τ) to denote the trace
function associated to L(cp,q, 0)-module L(cp,q, h
p,q
r,s). Then any modular invariant of
Virasoro vertex operator algebra L(cp,q, 0) is equal to one of the following modular in-
variants:
any p, q
∑
1≤s≤r≤m−1
Zr,s(u, τ1)Zr,s(v, τ2) (Ap, Aq)
q = 2(2m + 1) 1
2
{ ∑
(r,s)∈Ep,q,
r:odd
(Zr,s(u, τ1) + Zq−r,s(u, τ1))(Zr,s(v, τ2) + Zq−r,s(v, τ2))
}
(Dq/2+1, Ap−1)
q = 4m 1
2
p−1∑
s=1
{ ∑
r:odd
Zr,s(u, τ1)Zr,s(v, τ2) + Zq/2,s(u, τ1)Zq/2,s(v, τ2) (Dq/2+1, Ap−1)
+
∑
r:even
Zr,s(u, τ1)Zq−r,s(v, τ2)
}
p = 2(2m + 1) 1
2
{ ∑
(r,s)∈Ep,q,
s:odd
(Zr,s(u, τ1) + Zr,p−s(u, τ1))(Zr,s(v, τ2) + Zr,p−s(v, τ2))
}
(Aq−1,Dp/2+1)
p = 4m 1
2
q−1∑
s=1
{ ∑
s:odd
Zr,s(u, τ1)Zr,s(v, τ2) + Zr,p/2(u, τ1)Zr,p/2(v, τ2) (Aq−1,Dp/2+1)
+
∑
s:even
Zr,s(u, τ1)Zr,p−s(v, τ2)
}
p = 12 1
2
q−1∑
r=1
{
(Zr,1(u, τ1) + Zr,7(u, τ1))(Zr,1(v, τ2) + Zr,7(v, τ2)) (Aq−1, E6)
+(Zr,4(u, τ1) + Zr,8(u, τ1))(Zr,4(v, τ2) + Zr,8(v, τ2))
+(Zr,5(u, τ1) + Zr,11(u, τ1))(Zr,5(v, τ2) + Zr,11(v, τ2))
}
q = 12 1
2
p−1∑
s=1
{
(Z1,s(u, τ1) + Z7,s(u, τ1))(Z1,s(v, τ2) + Z7,s(v, τ2)) (E6, Ap−1)
+(Z4,s(u, τ1) + Z8,s(u, τ1))(Z4,s(v, τ2) + Z8,s(v, τ2))
+(Z5,s(u, τ1) + Z11,s(v, τ1))(Z5,s(v, τ2) + Z11,s(v, τ2))
}
p = 18 1
2
q−1∑
r=1
{
(Zr,1(u, τ1) + Zr,17(u, τ1))(Zr,1(v, τ2) + Zr,17(v, τ2)) (Aq−1, E7)
+(Zr,5(u, τ1) + Zr,13(u, τ1))(Zr,5(v, τ2) + Zr,13(v, τ2))
+(Zr,7(u, τ1) + Zr,11(u, τ1))(Zr,7(v, τ2) + Zr,11(v, τ2)) + Zr,9(u, τ1)Zr,9(v, τ2)
+(Zr,3(u, τ1) + Zr,15(u, τ1))Zr,9(v, τ2) + Zr,9(v, τ2)(Zr,3(u, τ1) + Zr,15(u, τ1))
}
q = 18 1
2
p−1∑
s=1
{
(Z1,s(u, τ1) + Z17,s(u, τ1))(Z1,s(v, τ2) + Z17,s(v, τ2)) (E7, Ap−1)
+(Z5,s(u, τ1) + Z13,s(u, τ1))(Z5,s(v, τ2) + Z13,s(v, τ2))
+(Z7,s(u, τ1) + Z11,s(u, τ1))(Z7,s(v, τ2) + Z11,s(v, τ2)) + Z9,s(u, τ1)Z9,s(v, τ2)
+(Z3,s(u, τ1) + Z15,s(u, τ1))Z9,s(v, τ2) + Z9,s(v, τ2)(Z3,s(u, τ1) + Z15,s(u, τ1))
}
p = 30 1
2
q−1∑
r=1
{
(Zr,1(u, τ1) + Zr,11(u, τ1) + Zr,19(u, τ1) + Zr,29(u, τ1)) (Aq−1, E8)
(Zr,1(v, τ2) + Zr,11(v, τ2) + Zr,19(v, τ2) + Zr,29(v, τ2))
+(Zr,7(u, τ1) + Zr,13(u, τ1) + Zr,17(u, τ1) + Zr,23(u, τ1))
(Zr,7(v, τ2) + Zr,13(v, τ2) + Zr,17(v, τ2) + Zr,23(v, τ2))
}
q = 30 1
2
p−1∑
s=1
{
(Z1,s(u, τ1) + Z11,s(u, τ1) + Z19,s(u, τ1) + Z29,s(u, τ1)) (E8, Ap−1)
(Z1,s(v, τ2) + Z11,s(v, τ2) + Z19,s(v, τ2) + Z29,s(v, τ2))
+(Z7,s(u, τ1) + Z13,s(u, τ1) + Z17,s(u, τ1) + Z23,s(u, τ1))
(Z7,s(v, τ2) + Z13,s(v, τ2) + Z17,s(v, τ2) + Z23,s(v, τ2))
}
Remark 3.2. In the literatures, the modular invariants of types (Aq−1, E6), (E6, Ap−1),
(Aq−1, E7), (E7, Ap−1), (Aq−1, E8), (E8, Ap−1) are called exceptional modular invariants.
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3.2. Extensions of unitary rational Virasoro vertex operator algebras. Our
constructions of extensions of nonunitary rational Virasoro vertex operator algebras
are based on the exceptional extensions of unitary Virasoro vertex operator algebras
constructed in [16]. Recall that when p = m + 3 and q = m + 2, the Virasoro vertex
operator algebra L(cm, 0) := L(cp,q, 0) is unitary [15]. The following results about
exceptional extensions of unitary Virasoro vertex operator algebras have been obtained
in [16].
Theorem 3.3. There exists a unique vertex operator algebra structure on U = L(c10, 0)⊕
L(c10, h
13,12
7,1 ) such that U is an extension of L(c10, 0). Moreover, U satisfies conditions
(i), (ii) and the modular invariant of L(c10, 0) associated to U is the modular invariant
of type (E6, A12):
1
2
12∑
q=1
{
(Z1,q(u, τ1) + Z7,q(u, τ1))(Z1,q(v, τ2) + Z7,q(v, τ2)) + (Z4,q(u, τ1) + Z8,q(u, τ1))(Z4,q(v, τ2) + Z8,q(v, τ2))
+ (Z5,q(u, τ1) + Z11,q(u, τ1))(Z5,q(v, τ2) + Z11,q(v, τ2))
}
.
Theorem 3.4. There exists a unique vertex operator algebra structure on U = L(c9, 0)⊕
L(c9, h
12,11
1,7 ) such that U is an extension of L(c9, 0). Moreover, U satisfies conditions
(i), (ii) and the modular invariant of L(c9, 0) associated to U is the modular invariant
of type (A10, E6):
1
2
10∑
p=1
{
(Zp,1(u, τ1) + Zp,7(u, τ1))(Zp,1(v, τ2) + Zp,7(v, τ2)) + (Zp,4(u, τ1) + Zp,8(u, τ1))(Zp,4(v, τ2) + Zp,8(v, τ2))
+ (Zp,5(u, τ1) + Zp,11(u, τ1))(Zp,5(v, τ2) + Zp,11(v, τ2))
}
.
Theorem 3.5. There exists a unique vertex operator algebra structure on U = L(c27, 0)⊕
L(c27, h
30,29
1,11 )⊕L(c27, h30,291,19 )⊕L(c27, h30,291,29 ) such that U is an extension of L(c27, 0). More-
over, U satisfies conditions (i), (ii) and the modular invariant of L(c27, 0) associated to
U is the modular invariant of type (A28, E8):
1
2
28∑
p=1
{
(Zp,1(u, τ1) + Zp,11(u, τ1) + Zp,19(u, τ1) + Zp,29(u, τ1))(Zp,1(v, τ2) + Zp,11(v, τ2) + Zp,19(v, τ2) + Zp,29(v, τ2))
(Zp,7(u, τ1) + Zp,13(u, τ1) + Zp,17(u, τ1) + Zp,23(u, τ1))(Zp,7(v, τ2) + Zp,13(v, τ2) + Zp,17(v, τ2) + Zp,23(v, τ2))
}
.
Theorem 3.6. There exists a unique vertex operator algebra structure on U = L(c28, 0)⊕
L(c28, h
31,30
11,1 )⊕L(c28, h31,3019,1 )⊕L(c28, h31,3029,1 ) such that U is an extension of L(c28, 0). More-
over, U satisfies conditions (i), (ii) and the modular invariant of L(c28, 0) associated to
U is the modular invariant of type (E8, A30):
1
2
30∑
q=1
{
(Z1,q(u, τ1) + Z11,q(u, τ1) + Z19,q(u, τ1) + Z29,q(u, τ1))(Z1,q(v, τ2) + Z11,q(v, τ2) + Z19,q(v, τ2) + Z29,q(v, τ2))
(Z7,q(u, τ1) + Z13,q(u, τ1) + Z17,q(u, τ1) + Z23,q(u, τ1))(Z7,q(v, τ2) + Z13,q(v, τ2) + Z17,q(v, τ2) + Z23,q(v, τ2))
}
.
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3.3. Extensions of tensor product of Virasoro vertex operator algebras. To
construct extensions of nonunitary rational Virasoro vertex operator algebras in The-
orems 3.9, 3.10, 3.11, 3.12, we also need an important extension of tensor product of
Virasoro vertex operator algebras constructed in [3]. We first recall some facts about
lattice vertex operator algebras from [4], [22] and [36]. Let L be a positive definite even
lattice. We denote the Z-bilinear form on L by 〈 , 〉. There is a canonical Z-bilinear
form c0 on L defined as follows:
c0 :L× L→ Z/2Z
(α, β) 7→ 〈α, β〉+ 2Z.
Since L is an even lattice, the Z-bilinear form c0 is alternating. Thus there is a central
extension L̂ of L by the cyclic group 〈κ〉 of order 2 with generator κ, that is,
1→ 〈κ〉 → L̂ −→ L→ 1,
such that the corresponding commutator map is c0 (see [22]). We choose a section
e : L → L̂ such that e0 = 1 and that the corresponding 2-cocycle ǫ0 : L × L → Z/2Z,
which is defined by eαeβ = κ
ǫ0(α,β)eα+β for α, β ∈ L, is a Z-bilinear form satisfying the
following condition:
ǫ0(α, α) =
1
2
〈α, α〉.
Hence, we have ǫ0(α, β)− ǫ0(β, α) = c0(α, β) for α, β ∈ L (see [22]).
Set h = C ⊗Z L and extend the Z-bilinear form on L to h by C-linearity. The
corresponding affine Lie algebra is ĥ = h⊗ C[t, t−1]⊕ Cc with Lie brackets
[x(m), y(n)] = 〈x, y〉mδm+n,0c,
[c, ĥ] = 0,
for x, y ∈ h and m,n ∈ Z, where x(n) denotes x⊗ tn. Set
ĥ− = h⊗ t−1C[t−1].
Hence, ĥ− is an abelian subalgebra of ĥ. We then consider the induced ĥ-module
M(1) = U(ĥ)⊗U(C[t]⊗h⊕Cc) C ∼= S(ĥ−) (linearly),
where U(.) denotes the universal enveloping algebra and C[t]⊗ h acts trivially on C, c
acts on C as multiplication by 1.
Consider the L̂-module
C{L} = C[L̂]/C[L̂](κ+ 1),
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where C[.] denotes the group algebra. For a ∈ L̂, we use ι(a) to denote the image of a
in C{L}. Then the action of L̂ on C{L} is given by
a · ι(b) = ι(ab), κ · ι(b) = −ι(b)
for a, b ∈ L̂. For a formal variable z and an element h ∈ h, we define an operator h(0)
on C{L} by h(0) · ι(a) = 〈h, a¯〉ι(a) and an action zh on C{L} by zh · ι(a) = z〈h,a¯〉ι(a).
Set
VL = M(1)⊗C C{L}.
Then L̂, h(n)(n 6= 0), h(0) and zh act naturally on VL by acting on either M(1) or C{L}
as indicated above. Denote ι(1) by 1, then we know that (VL, Y (., z), 1) has a vertex
algebra structure (see [4], [22]), the vertex operator Y (., z) is determined by
Y (h(−1)1, z) = h(z) =
∑
n∈Z
h(n)z−n−1 (h ∈ h),
Y (a, z) = E−(−a¯, z)E+(−a¯, z)aza¯ (a ∈ L̂),
where
E−(a¯, z) = exp(
∑
n<0
a¯(n)
n
z−n), E+(a¯, z) = exp(
∑
n>0
a¯(n)
n
z−n).
We now consider the lattice L = Z
√
2α such that 〈α, α〉 = 1. Let (U , YU) be the
vertex operator algebra such that U viewed as a vertex algebra is isomorphic to the
lattice vertex algebra VL associated to the lattice L = Z
√
2α and the original conformal
vector of VL is replaced by
ωU =
1
2
α(−1)21+ 1√
2
α(−2)1+ 2(e√2α)−31.
We will need the following important results proved in Theorem 2.3 of [3].
Theorem 3.7. (1) U ⊗L(cp′,p, 0) is an extension of L(cp+p′,p, 0)⊗L(cp′,p+p′, 0) and U ⊗
L(cp′,p, 0) viewed as an L(cp+p′,p, 0)⊗L(cp′,p+p′, 0)-module has the following decomposition⊕
0<n<p+p′,
n≡1 mod 2
L(cp+p′,p, h
p+p′,p
1,n )⊗ L(cp′,p+p′, hp
′,p+p′
n,1 ).
(2) The U⊗L(cp′,p, 0)-module U⊗L(cp′,p, hp
′,p
m,m′) viewed as an L(cp+p′,p, 0)⊗L(cp′,p+p′, 0)-
module has the following decomposition
U ⊗ L(cp′,p, hp′,pm,m′) ∼=
⊕
0<n<p+p′,
n≡m+m′−1 mod 2
L(cp+p′,p, h
p+p′,p
m,n )⊗ L(cp′,p+p′, hp
′,p+p′
n,m′ ). (3.3)
Remark 3.8. The notation L
p/p′
(m,m′) in [3] denotes the irreducible module L(cp′,p, h
p′,p
m,m′)
of the Virasoro vertex operator algebra L(cp′,p, 0).
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3.4. Extensions corresponding to modular invariants of exceptional types. We
are now ready to construct extensions of L(cp,q, 0) corresponding to modular invariants
of exceptional types.
Theorem 3.9. When p, q ≥ 2 are coprime integers such that p = 12 and q ≡ 11 mod 12,
then there exists a vertex operator algebra structure on L(cp,q, 0)⊕L(cp,q, hp,q1,7) such that
the vertex operator algebra satisfies conditions (i), (ii) and is an extension of L(cp,q, 0).
The modular invariant corresponding to the extension is of type (Aq−1, E6).
Proof: By assumption q = 12k + 11 with k ∈ Z≥0. We then prove the statement
by induction on k. By Theorem 3.4, there exists a vertex operator algebra structure
on U = L(c12,11, 0) ⊕ L(c12,11, h12,111,7 ) such that U satisfies conditions (i), (ii) and is an
extension of L(c12,11, 0). Hence, the statement is true for k = 0.
We now assume that there exists a vertex operator algebra structure on U (k) =
L(c12,12k+11, 0)⊕L(c12,12k+11, h12,12k+111,7 ) such that U (k) satisfies conditions (i), (ii) and is
an extension of L(c12,12k+11, 0). Thus, there exists a vertex operator algebra structure
on U ⊗U (k) such that U ⊗U (k) is an extension of U ⊗L(c12,12k+11, 0). By Theorem 3.7,
U ⊗ L(c12,12k+11, 0)-modules U ⊗ L(c12,12k+11, h12,12k+111,1 ) and U ⊗ L(c12,12k+11, h12,12k+111,7 )
viewed as L(c12(k+1)+1,11, 0)⊗ L(c12,12(k+1)+1, 0)-modules have the following decomposi-
tions
U ⊗ L(c12,12k+11, h12,12k+111,1 )
∼=
⊕
0<n<12(k+1)+11,
n≡1 mod 2
L(c12(k+1)+11,12k+11, h
12(k+1)+11,12k+11
1,n )⊗ L(c12,12(k+1)+11, h12,12(k+1)+11n,1 ),
U ⊗ L(c12,12k+11, h12,12k+111,7 )
∼=
⊕
0<n<12(k+1)+11,
n≡1 mod 2
L(c12(k+1)+11,12k+11, h
12(k+1)+11,12k+11
1,n )⊗ L(c12,12(k+1)+11, h12,12(k+1)+11n,7 ),
respectively.
Thus, the commutant CU⊗U (k)
(
L(c12(k+1)+11,12k+11, 0)
)
of L(c12(k+1)+11,12k+11, 0) is an
extension of L(c12,12(k+1)+11, 0). Moreover, CU⊗U (k)
(
L(c12(k+1)+11,12k+11, 0)
)
viewed as an
L(c12,12(k+1)+11, 0)-module is isomorphic to
L(c12,12(k+1)+11, h
12,12(k+1)+11
1,1 )⊕ L(c12,12(k+1)+11, h12,12(k+1)+111,7 ).
Finally, to verify that CU⊗U (k)
(
L(c12(k+1)+11,12k+11, 0)
)
satisfies conditions (i), (ii),
we only need to prove that CU⊗U (k)
(
L(c12(k+1)+11,12k+11, 0)
)
is simple and self-dual by
Theorems 2.4, 2.5. Note that CU⊗U (k)
(
L(c12(k+1)+11,12k+11, 0)
)
viewed as a vertex al-
gebra is isomorphic to CV
Z
√
2α⊗U (k)
(
L(c12(k+1)+11,12k+11, 0)
)
. Since V
Z
√
2α ⊗ U (k) is of
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CFT type and simple, CV
Z
√
2α⊗U (k)
(
L(c12(k+1)+11,12k+11, 0)
)
is simple by Lemma 2.1 of
[1]. As a result, CU⊗U (k)
(
L(c12(k+1)+11,12k+11, 0)
)
is simple. It follows from [37] that
CU⊗U (k)
(
L(c12(k+1)+11,12k+11, 0)
)
is self-dual. 
Theorem 3.10. When p, q ≥ 2 are coprime integers such that p ≡ 1 mod 12 and
q = 12, then there exists a vertex operator algebra structure on L(cp,q, 0)⊕ L(cp,q, hp,q7,1)
such that the vertex operator algebra satisfies conditions (i), (ii) and is an extension of
L(cp,q, 0). The modular invariant corresponding to the extension is of type (E6, Ap−1).
Proof: This follows from Theorem 3.3 by the similar argument as in Theorem 3.9. 
Theorem 3.11. When p, q ≥ 2 are coprime integers such that p = 30 and q ≡
29 mod 30, then there exists a vertex operator algebra structure on
L(cp,q, 0)⊕ L(cp,q, hp,q1,11)⊕ L(cp,q, hp,q1,19)⊕ L(cp,q, hp,q1,29)
such that the vertex operator algebra satisfies conditions (i), (ii) and is an extension of
L(cp,q, 0). The modular invariant corresponding to the extension is of type (Aq−1, E8).
Proof: This follows from Theorem 3.5 by the similar argument as in Theorem 3.9. 
Theorem 3.12. When p, q ≥ 2 are coprime integers such that q = 30 and p ≡ 1 mod 30,
then there exists a vertex operator algebra structure on
L(cp,q, 0)⊕ L(cp,q, hp,q11,1)⊕ L(cp,q, hp,q19,1)⊕ L(cp,q, hp,q29,1)
such that the vertex operator algebra satisfies conditions (i), (ii) and is an extension of
L(cp,q, 0). The modular invariant corresponding to the extension is of type (E8, Ap−1).
Proof: This follows from Theorem 3.6 by the similar argument as in Theorem 3.9. 
4. Uniqueness of the exceptional extensions of L(cp,q, 0)
In this section, we shall prove that extensions of L(cp,q, 0) constructed in Theorems
3.9, 3.10, 3.11, 3.12 are unique. First, we recall some facts about intertwining operators
and fusion rules from [21]. Let M1, M2, M3 be weak V -modules. An intertwining
operator Y of type
(
M3
M1 M2
)
is a linear map
Y : M1 → Hom(M2,M3){x},
w1 7→ Y(w1, x) =
∑
n∈C
w1nx
−n−1
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satisfying the following conditions: For any v ∈ V, w1 ∈M1, w2 ∈M2 and λ ∈ C,
w1n+λw
2 = 0 for n >> 0;
d
dx
Y(w1, x) = Y(L(−1)w1, x);
x−10 δ(
x1 − x2
x0
)YM3(v, x1)Y(w1, x2)− x−10 δ(
x2 − x1
−x0 )Y(w
1, x2)YM2(v, x1)
= x−12 δ(
x1 − x0
x2
)Y(YM1(v, x0)w1, x2).
Denote the vector space of intertwining operators of type
(
M3
M1 M2
)
by VM3M1,M2.
The dimension of VM3M1,M2 is called the fusion rule for M1, M2 and M3, and is denoted
by NM
3
M1,M2. Assume that V is a vertex operator algebra satisfying conditions (i) and
(ii). By Lemma 4.1 in [25], one knows that for uik ∈M ik ,
〈u4,YM i4M i1 ,M i5 (u1, z1)YM
i5
M i2 ,M i3 (u
2, z2)u
3〉,
〈u4,YM i4M i2 ,M i6 (u1, z1)YM
i6
M i1 ,M i3 (u
2, z2)u
3〉,
are analytic on |z1| > |z2| > 0 and |z2| > |z1| > 0 respectively and can both be
analytically extended to multi-valued analytic functions on
R = {(z1, z2) ∈ C2|z1, z2 6= 0, z1 6= z2}.
We can lift the multi-valued analytic functions on R to single-valued analytic functions
on the universal covering R˜ of R as in [26]. We use
E〈u4,YM i4M i1 ,M i5 (u1, z1)YM
i5
M i2 ,M i3 (u
2, z2)u
3〉,
and
E〈u4,YM i4M i2 ,M i6 (u1, z1)YM
i6
M i1 ,M i3 (u
2, z2)u
3〉,
to denote the analytic functions respectively. Let {YM i3 ;j
M i1 ,M i2
|1 ≤ j ≤ NM i3
M i1 ,M i2
} be a
basis of VM i3
M i1 ,M i2
. The linearly independency of
{E〈u4,YM i4 ;j1
M i1 ,M i5
(u1, z1)YM
i5 ;j2
M i2 ,M i3
(u2, z2)u
3〉|1 ≤ j1 ≤ NM i4M i1 ,M i5 , 1 ≤ j2 ≤ NM
i5
M i2 ,M i3}
follows from [26]. Moreover, for any M1,M3,M3,M4,
span{E〈u4,YM i4 ;j1
M i1 ,M i5
(u1, z1)YM
i5 ;j2
M i2 ,M i3
(u2, z2)u
3〉|j1, j2,M i5}
= span{E〈u4,YM i4 ;j1
M i2 ,M i6
(u1, z1)YM i6 ;j2M i1 ,M i3 (u2, z2)u3〉|j1, j2,M i6}.
We are now ready to prove that extensions of L(cp,q, 0) constructed in Theorems 3.9,
3.10, 3.11, 3.12 are unique.
14 CHUNRUI AI, CHONGYING DONG, AND XINGJUN LIN
Theorem 4.1. Let p, q ≥ 2 be coprime integers such that p = 12 and q ≡ 11 mod 12.
Then there exists a unique vertex operator algebra structure on U = L(cp,q, 0)⊕L(cp,q, hp,q1,7)
such that U satisfies conditions (i), (ii) and is an extension of L(cp,q, 0).
Proof: By assumption q = 12k + 11 with k ∈ Z≥0. We then prove the state-
ment by induction on k. By Theorem 3.4, the statement is true for k = 0. We
next assume that the statement is true for k. Denote the L(c12,12(k+1)+11, 0)-module
L(c12,12(k+1)+11, 0)⊕ L(c12,12(k+1)+11, h12,12(k+1)+111,7 ) by U (k+1) and let (U (k+1), YU (k+1)) be
a vertex operator algebra structure on U (k+1). In the following, we shall use the vertex
operator algebra (U (k+1), YU (k+1)) to construct a vertex operator algebra structure on
U = U ⊗ L(c12,12k+11, h12,12k+111,1 )⊕ U ⊗ L(c12,12k+11, h12,12k+111,7 ).
Let M1,M2,M3 be irreducible L(c12,12k+11, 0)-modules such that M
i is isomorphic
to L(c12,12k+11, h
12,12k+11
1,mi ) with m
i = 1 or 7. From the formula (3.3), we know that
U⊗L(c12,12k+11, h12,12k+111,m ) has an L(c12,12(k+1)+11, 0)-submoduleWm which is isomorphic
to L(c12,12(k+1)+11, h
12,12(k+1)+11
1,m ). Recall from [39] that N
M3
M1,M2 ≤ 1. If NM
3
M1,M2 = 1,
we then fix an intertwining operator YM3M1,M2 of type
(
U ⊗M3
U ⊗M1 U ⊗M2
)
such that
YM3M1,M2 = YU ⊗ Y˙M
3
M1,M2 for some intertwining operator Y˙M
3
M1,M2 of type
(
M3
M1 M2
)
.
Then YM3M1,M2 restricting to Wm1 ,Wm2 induces an intertwining operator Y
Wm3
Wm1 ,Wm2 of
type
(
Wm3
Wm1 Wm2
)
. Recall also from [39] that N
Wm3
Wm1 ,Wm2 ≤ 1 and that N
M3
M1,M2 = 1 if
N
Wm3
Wm1 ,Wm2 = 1, thus the vertex operators YU (k+1) of U
(k+1) is of the form:
YU (k+1)|Wm1×Wm2 = λW1Wm1 ,Wm2Y
W1
Wm1 ,Wm2 + λ
W7
Wm1 ,Wm2Y
W7
Wm1 ,Wm2 ,
where λWiWm1 ,Wm2 is a complex number such that λ
Wi
Wm1 ,Wm2 = 0 if N
Wi
Wm1 ,Wm2 = 0. We now
define an operator Y on U = U ⊗ L(c12,12k+11, h12,12k+111,1 ) ⊕ U ⊗ L(c12,12k+11, h12,12k+111,7 )
as follows:
Y |(U⊗M1)×(U⊗M2) = λW1Wm1 ,Wm2Y
L(c12,12k+11,h
12,12k+11
1,1 )
M1,M2 + λ
W7
Wm1 ,Wm2Y
L(c12,12k+11,h
12,12k+11
1,7 )
M1,M2 .
In the following we shall prove that (U, Y ) is a vertex operator algebra. First, we prove
the commutativity: For any w1 ∈ U ⊗M1, w2 ∈ U ⊗M2, w3 ∈ U ⊗M3 and w′ ∈ U ′,
E〈w′, Y (w1, z1)Y (w2, z2)w3〉 = E〈w′, Y (w2, z2)Y (w1, z1)w3〉.
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By the definition of Y , we have
E〈w′, Y (w1, z1)Y (w2, z2)w3〉
= E〈w′, λW1Wm1 ,W1λ
W1
Wm2 ,Wm3Y
L(c12,12k+11,h
12,12k+11
1,1 )
M1,L(c12,12k+11,h
12,12k+11
1,1 )
(w1, z1)YL(c12,12k+11,h
12,12k+11
1,1 )
M2,M3 (w
2, z2)w
3〉
+ E〈w′, λW7Wm1 ,W1λ
W1
Wm2 ,Wm3Y
L(c12,12k+11,h
12,12k+11
1,7 )
M1,L(c12,12k+11,h
12,12k+11
1,1 )
(w1, z1)YL(c12,12k+11,h
12,12k+11
1,1 )
M2,M3 (w
2, z2)w
3〉
+ E〈w′, λW1Wm1 ,W7λ
W7
Wm2 ,Wm3Y
L(c12,12k+11,h
12,12k+11
1,1 )
M1,L(c12,12k+11,h
12,12k+11
1,7 )
(w1, z1)YL(c12,12k+11,h
12,12k+11
1,7 )
M2,M3 (w
2, z2)w
3〉
+ E〈w′, λW7Wm1 ,W7λ
W7
Wm2 ,Wm3Y
L(c12,12k+11,h
12,12k+11
1,7 )
M1,L(c12,12k+11,h
12,12k+11
1,7 )
(w1, z1)YL(c12,12k+11,h
12,12k+11
1,7 )
M2,M3 (w
2, z2)w
3〉,
and
E〈w′, Y (w2, z2)Y (w1, z1)w3〉
= E〈w′, λW1Wm2 ,W1λ
W1
Wm1 ,Wm3Y
L(c12,12k+11,h
12,12k+11
1,1 )
M2,L(c12,12k+11,h
12,12k+11
1,1 )
(w2, z2)YL(c12,12k+11,h
12,12k+11
1,1 )
M1,M3 (w
1, z1)w
3〉
+ E〈w′, λW7Wm2 ,W1λ
W1
Wm1 ,Wm3Y
L(c12,12k+11,h
12,12k+11
1,7 )
M2,L(c12,12k+11,h
12,12k+11
1,1 )
(w2, z2)YL(c12,12k+11,h
12,12k+11
1,1 )
M1,M3 (w
1, z1)w
3〉
+ E〈w′, λW1Wm2 ,W7λ
W7
Wm1 ,Wm3Y
L(c12,12k+11,h
12,12k+11
1,1 )
M2,L(c12,12k+11,h
12,12k+11
1,7 )
(w2, z2)YL(c12,12k+11,h
12,12k+11
1,7 )
M1,M3 (w
1, z1)w
3〉
+ E〈w′, λW7Wm2 ,W7λ
W7
Wm1 ,Wm3Y
L(c12,12k+11,h
12,12k+11
1,7 )
M2,L(c12,12k+11,h
12,12k+11
1,7 )
(w2, z2)YL(c12,12k+11,h
12,12k+11
1,7 )
M1,M3 (w
1, z1)w
3〉.
Note that if w1 ∈ Wm1 , w2 ∈ Wm1 , w3 ∈ Wm1 , then we have
E〈w′, Y (w1, z1)Y (w2, z2)w3〉 = E〈w′, Y (w2, z2)Y (w1, z1)w3〉,
this implies
E〈w′, λW1Wm1 ,W1λ
W1
Wm2 ,Wm3Y
W1
Wm1 ,W1(w
1, z1)YW1Wm2 ,Wm3 (w
2, z2)w
3〉
+ E〈w′, λW7Wm1 ,W1λ
W1
Wm2 ,Wm3Y
W7
Wm1 ,W1(w
1, z1)YW1Wm2 ,Wm3 (w
2, z2)w
3〉
+ E〈w′, λW1Wm1 ,W7λ
W7
Wm2 ,Wm3Y
W1
Wm1 ,W7(w
1, z1)YW7Wm2 ,Wm3 (w
2, z2)w
3〉
+ E〈w′, λW7Wm1 ,W7λ
W7
Wm2 ,Wm3Y
W7
Wm1 ,W7(w
1, z1)YW7Wm2 ,Wm3 (w
2, z2)w
3〉
= E〈w′, λW1Wm2 ,W1λ
W1
Wm1 ,Wm3Y
W1
Wm2 ,W1(w
2, z2)YW1Wm1 ,Wm3 (w
1, z1)w
3〉
+ E〈w′, λW7Wm2 ,W1λ
W1
Wm1 ,Wm3Y
W7
Wm2 ,W1(w
2, z2)YW1Wm1 ,Wm3 (w
1, z1)w
3〉
+ E〈w′, λW1Wm2 ,W7λ
W7
Wm1 ,Wm3Y
W1
Wm2 ,W7(w
2, z2)YW7Wm1 ,Wm3 (w
1, z1)w
3〉
+ E〈w′, λW7Wm2 ,W7λ
W7
Wm1 ,Wm3Y
W7
Wm2 ,W7(w
2, z2)YW7Wm1 ,Wm3 (w
1, z1)w
3〉.
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By the fusion rules between irreducible L(c12,12k+11, 0)-modules (see [39]), we have for
i = 1 or 7,
span{E〈w′,YL(c12,12k+11,h
12,12k+11
1,i )
M1,L(c12,12k+11,h
12,12k+11
1,m )
(w1, z1)YL(c12,12k+11,h
12,12k+11
1,m )
M2,M3 (w
2, z2)w
3〉|1 ≤ m ≤ 11}
= span{E〈w′,YL(c12,12k+11,h
12,12k+11
1,i )
M2,L(c12,12k+11,h
12,12k+11
1,n )
(w2, z2)YL(c12,12k+11,h
12,12k+11
1,n )
M1,M3 (w
1, z1)w
3〉|1 ≤ n ≤ 11},
Since for for i = 1 or 7,
{E〈w′,YWiWm2 ,Wn(w
2, z2)YWnWm1 ,Wm3 (w
1, z1)w
3〉|1 ≤ n ≤ 11}
are linearly independent, we then know that
E〈w′, Y (w1, z1)Y (w2, z2)w3〉 = E〈w′, Y (w2, z2)Y (w1, z1)w3〉
must hold for any w1 ∈ U ⊗M1, w2 ∈ U ⊗M2, w3 ∈ U ⊗M3 and w′ ∈ U ′. Similarly, we
have
E〈w′, Y (w1, z1)Y (w2, z2)w3〉 = E〈w′, Y (Y (w1, z1 − z2)w2, z2)w3〉
holds for any w1 ∈ U ⊗M1, w2 ∈ U ⊗M2, w3 ∈ U ⊗ M3 and w′ ∈ U ′. Thus, from
Proposition 1.7 in [25], we have (U, Y ) is a vertex operator algebra. Note that U is
an extension of U ⊗ L(c12,12k+11, h12,12k+111,1 ), by assumption the vertex operator algebra
structure on U is unique. It follows that there exists a unique vertex operator algebra
structure on U (k+1) = L(c12,12(k+1)+11, 0)⊕L(c12,12(k+1)+11, h12,12(k+1)+111,7 ) such that U (k+1)
satisfies conditions (i), (ii) and is an extension of L(c12,12(k+1)+11, 0). This finishes the
proof. 
Theorem 4.2. Let p, q ≥ 2 be coprime integers such that p ≡ 1 mod 12 and q = 12.
Then there exists a unique vertex operator algebra structure on L(cp,q, 0)⊕ L(cp,q, hp,q7,1)
such that the vertex operator algebra satisfies conditions (i), (ii) and is an extension of
L(cp,q, 0).
Proof: This follows from Theorem 3.3 by the similar argument as in Theorem 4.1. 
Theorem 4.3. Let p, q ≥ 2 be coprime integers such that p = 30 and q ≡ 29 mod 30.
Then there exists a unique vertex operator algebra structure on
L(cp,q, 0)⊕ L(cp,q, hp,q1,11)⊕ L(cp,q, hp,q1,19)⊕ L(cp,q, hp,q1,29)
such that the vertex operator algebra satisfies conditions (i), (ii) and is an extension of
L(cp,q, 0).
Proof: This follows from Theorem 3.5 by the similar argument as in Theorem 4.1. 
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Theorem 4.4. Let p, q ≥ 2 be coprime integers such that q = 30 and p ≡ 1 mod 30.
Then there exists a unique vertex operator algebra structure on
L(cp,q, 0)⊕ L(cp,q, hp,q11,1)⊕ L(cp,q, hp,q19,1)⊕ L(cp,q, hp,q29,1)
such that the vertex operator algebra satisfies conditions (i), (ii) and is an extension of
L(cp,q, 0).
Proof: This follows from Theorem 3.6 by the similar argument as in Theorem 4.1. 
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